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Plasticity principle & failure
criteria

PLASTICITY

YIELD CRITERIA
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Plasticity — generalities cPrL

* Plasticity - simple definition: irreversible deformation
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Plasticity - generalities

e Strain state depends not only on the actual stress state but also on the stress history

* Need to refer to incremental loading
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Plasticity — generalities cPrL

Elasto-plastic loading
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Physical causes of plastic deformation

. $ <
Particle rearrangement @%ﬂ © Q>c:86&

Particle crushing

Sliding along the joints or
micro-fracturing (rock)
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Basic ingredients

1. Decomposition of strains:
Seij = Sef; + Sef, Se; = 8ef + bl

2. The elastic constitutive tensor/matrix needs to be defined.

Direct link between effective stress and elastic strain:
— Dl]hkghk 0' = Df;ef

In incremental form:

! I __ e e
80;; = Diinibeny 6o; = D;;0¢;
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Basic ingredients

3. Definition of the yield function: a set of mathematical condition for yielding

[ F(oij, px) J p, is a collection of parameters

In terms of stress components F = F(O'll, 0292,033,012,013,0723, Pk)
In terms of principal stresses (isotropic material) F = F(0q,0,,03,Dk)
In terms of triaxial stress variables F=F(', q,py)
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Basic ingredients

The yield function becomes a yield surface:

[ F(aij,pk)=0 }

which is used to express the limit of the elastic region.

F must be defined in order to ensure the following conditions:
F(al-j, Pk) < 0 if the stress point stays inside the surface

F(Gij, pk) = (0 if the stress point stays on the surface

F(al-j,pk) > (0  expresses an impossible condition

Geomechanics- Fall 2025 Lecture 4 - PLASTICITY 12




Basic ingredients

Example of a yield function/surface in 1D stress state
A single stress component is needed (o). Yielding occurs when the stress reaches the maximum allowed value (o,),

which becomes the geometrical parameter (py,).

Yield function Yield surface
F(Uij'pk) F(Uij:pk) =0 o ¢ .
accumulation of
F=0— P F=0c—0.=0 plastic strains
C L S
This definition ensures the respect of the conditions stated previously, /
in fact: /
. . lasti
c fo<o.,-»F<0 elastic behaviour - e =
* fo=0,—->F=0 now accumulation of plastic strain ‘
e fo>0.,>F>0 impossible &
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Basic ingredients cPrL

Example of a yield function/surface in 2D stress state

Two stress components are considered (for example the principal stresses o4, 05). Yielding occurs when the stress point reaches the
limit of the elastic domain (for example a circle of radius r = 2 kPa, centered in the origin of the g4, g, plane).

Yield function F(oij,pk) — F(oy,00,1) =(01)2+ (02)2 =12 > F(01,05,2) = (01)* + (0,)* — 4
Yield surface F(o‘ij,pk) =0 - F(o,0,7)=0 > (6))*+(0,)°—-12=0 - (6)*+(0,)?’—4=0

In the center point O:

_ * Fora pointonthesurface F =0
* For each point of the red path:
For example in point A (o; = 0, = V2 kPa):
F=—-4 <0 elastic behaviour F <0 elastic behaviour P P (01 2 )
2 2
F(A) = (vV2)" + (vV2)" — 4 = 0 plastic strain accumulation
0-2 A 0_2 A O-2 *
A
A
O
® > > >
1 | 1
r=2kPa r =2 kPa r =2kPa
Geomechanics- Fall 2025
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cPi-L

Basic ingredients

4. Definition of the plastic potential g (0' ijr Tk) r, is a collection of geometrical parameters
g is defined so that the components of plastic strain -~ ¢.p _ | ag 5P — Ma—g
increments can be computed as: Y doj ‘ d0;

This expression is called the flow rule

The plastic deformation vector has the direction of the
gradient of the surface g = 0.

u (or often called A) is the plastic multiplier and it will become
the unknown in the elasto-plastic formulation to be solved
(see consistency equation after).

If we assume g = F the plasticity is called associated plasticity.
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Consistency Condition

For a point on F:

F(O-LU pk) =0
When the behaviour is not elastic, also the final position of the increment must stay on F:

F(o; + 60;,p; + 6pi) =0
Two possibilities:

1. Stress path stays on F 2. Stress path is allowed to exceed F
F doesn’t evolve: no change in p, F has to evolve to accommodate the final
position of the stress path: changes in p,

l A  TT==J
02 02} \\\‘
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Consistency Condition

In both cases (1) and (2):
F(o;,pr) =0

And:
F(o; + 60y, pr + 8pg) = 0

Hence:

JF — oF
B Bal-

oF
50'i + —

5pk =0
pr dpx

Oi

. % is the gradient of F;

0F

5, 00; is a scalar product.
l
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Elastic-perfectly plastic
models




Elastic-perfectly plastic model

Elastic-perfectly plastic is a bilinear approximation defined by yield limit:

(Perfect plasticity: full plasticity without evolution, i.e., Horizontal linear part in stress-strain plot)

{ Yielding |Main focus: Defining the yield criteria J * Pre-yield behaviour : Elasticity

j * Yield limit - to be defined

A

Real behavior

Stress

* Post-yield behaviour: Perfect plasticity

Bilinear approximation
(Elastic perfectly plastic)

Strain
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Invariants of stress tensor

J1: Firstinvariant of the principal stress tensor g;; (its trace)

1= tT(Uij) = 011 T 033 + 033

J2p: Second invariant of the deviatoric stress tensor s;;
1
J2p = > (5121)
J3: Third invariant of the stress tensor g;; (its determinant)

]3 = det(aij)

Stress tensor Isotropic stress tensor Deviatoric stress tensor
011 012 013 g;j = p6ij + sj p 0 O 011 — P 012 013
O-lj = | 021 Oy2 033 p5l =10 14 0 Sij = 021 O22 — D 023
0-11 + 0-22 + 0-33 ]
031 032 033 = 0 0 p 031 032 033 — P

3
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Invariants of stress tensor in principal-stress space cPrL
J1: First invariant of the principal stress tensor g;; (its trace)

Ji =04+ 0, + 03

J2p: Second invariant of the deviatoric stress tensor s;;
1 1
Jop = tr(su) = (01 — 03)*+ (03 — 03)*+(03 — 07)*]

J3: Third invariant of the stress tensor g;; (its determinant)

] = det(UU-) = 010,03

Stress tensor in principal-stress space |sotropic stress tensor Deviatoric stress tensor
oo O 0 pSi] + Sjj p 0 O oL— D 0 0
0ij 0 o O o, + 0, + 03 péyy=(0 p O Sij = 0 02— P 0

0 0 o3 p = 0 0 p 0 0 g3 —p
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Invariants of stress tensor in (p,q) triaxial variables cPrL

: First invariant of the principal stress tensor g;; (its trace
J1 P P ij | ) Stress tensor in (p,q) triaxial variables

J1=3p 2
p+=q 0 0
J2p: Second invariant of the deviatoric stress tensor s;; 3 1
q> o= 0 pP—-34q 0
]2D = ? 1
0 0 p—34
J3: Third invariant of the stress tensor g;; (its determinant)

[ 2
2 1\ 34 O 0
Js =det(oi;) = p+3q)|P—34 )
Sij = 0 —§q 0
Stress tensor in (g,, g;-) triaxial conditions 0 0 1
3 q
g, 0 0 p =0, + 20, 2 1
Ojj = 0 Oy 0 O-a=p+§q; 0T=p_§q
0 0 o, q = 0q — Oy

Geomechanics- Fall 2025
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cPi-L

Haigh-Westergaard stress space

* Athree-dimensional space where the principal directions have been selected as the coordinate axes

5 | | J
3 4 space diagonal * Along the space diagonal ©, =0, =0, =—
7 0y =0, =03 3

 The distance along the space diagonal is V3 J;
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Haigh-Westergaard stress space
Octahedral plane

V2
03, J20 space diagonal * Itcan be seen that:

— on these planes the mean stress p is constant

— and it is proportional to the distance from the

octahedral plane origin O

 We will use these planes to define the failure

criteria in perfect-plasticity models.
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mpr-
Von Mises criterion 04 cPrL

 |nitially developed for metals

* Yield function - Independent of spheric stress

. 0}
2 3 A :
[ F =J2D —k H/ Material parameter diagonal

[F=%'[(01—02)2"‘(02—03)2"‘(03—01)2]—](2=0 }

T plane
Haigh Westergaard space

Geomechanics- Fall 2025 Lecture 4 - PLASTICITY
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Von Mises criterion: Triaxial CTC test

6

( )
Triaxial CTC test: 6, = o4

[l-[(m —0, ) +(oy 03 ) + (o3 _51)2]_k2 :OJ

1 2| 2 14
g~[2-(0'1—03) ]—k ZO
df p----=-=--=-=-=-=-=-=--

1 2 2

qu—k :O

1

k=—-q
[N V3 fJ

\Material parameter
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cPi-L

Von Mises criterion: Triaxial CTC test O34
Rl - \/Ekl
Limitations of the Von Mises criterion for geomaterials: R, = 2k
2 — 2
1 R3 — \/ikg
k=—-q
B 7
01 0>
» Three CTC tests carried out at different initial mean effective stress p’ o [1 plane
will result in three different q and three different values of k 3 A diagonal

* In other words, the Von Mises criterion cannot reproduce the stress-
dependent shear strength typical of geomaterials

 The only case when the strength is considered as independent from
the confining stress is when the undrained cohesion is used.

Haigh Westergaard space
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Von Mises criterion: link to classical soil mechanics

Undrained- Unconsolidated triaxial test (UU) on saturated clay

1 1
= Tmax :_'(Gl _03)f :E'Qf

Cy, >
Undrained /

shear strength k—i-c
\/g u

Material parameter

qA T A
qf (-~ ~"~~~"~"~"_~—=—————
§0u=0
Cu---h'“
£ 0]
0 » 1 0 p N
03 01
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Drucker-Prager criterion

A
* Improvement of Von Mises for geomaterials Jap
* Yield function - Dependent on spheric stress
a
1
k
Material parameters | > /1
( e
FZ"/JzD —a°J1—k 03 A
&
diagonal
« - €
1
\/g (01 —02)? + (0, —03)* + (03 —01)*] —a- (0 + 0, +03) — k=0
\§
» 0>

Haigh-Westergaard space
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Drucker-Prager criterion: Triaxial CTC test

[\/é'[(o-l _0-2)2 + (0o, _0-3)2 + (o —0'1)2]—05-(0'1 + 0, +O_3)_k20}

4 )
Triaxial CTC test: o, = o5

L'(O'l —03)—05'(0'1 +2°O'3)—k20

NE)
i qd A
ﬁ-q—}a-p—k:O
3V3a
N : 1
{q 343 A p+‘/§zk} V3k
\/ > p

9 Material parameters

Geomechanics- Fall 2025
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cPi-L

Drucker-Prager criterion: link to classical soil mechanics

Drucker-Prager parameters can be adjusted to the soil mechanics parameters “Cohesion” and “shear

strength angle” on Mohr circle plane

2 -sing’ 6-c' -cosq’

=\/§-(3—sing0') =\/§-(3—sin<p’)
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Mohr-Coulomb criterion: soil mechanics

* Developed for geomaterials

 Mohr-Coulomb shear strength in soil mechanics

Max. shear Normal effective stress

stress at failure

/
\ﬁ'f =/C’ + 0 nf targo'] 7

Material parameter: Material ror:
Intercept Cohesion aterial parameter. o 4 >
Shear strength angle mn n max
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Mohr-Coulomb criterion: soil mechanics

/ / / / / /
/ Omax + Omin . / Omax + Omin Omax — Omin . /
Opg = > — Rsingp = > — > sin @

14 /
Omax — Omin Ty

5 COS @

T = Rcos¢' =

[ T = ¢’ + oy tan go'}

Ty
I/ _ ! !/ _I_ ! '
Omax — Omin  9max T Omin . / / ' ¢

> = > sIng@ + c cos@ ;

0" min cJJnf 0’ max O-n’
/ !/ / !/
Omax — Omin Omax + Omin . : :
[ = — > + > sing’ + c'cosg’ =0 | Yield function
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Mohr-Coulomb criterion: Triaxial formulation

Opax — Omin - Omax T Omi ’
- _ max min + max min Sln(p’ + CI COS (pl — O ’
2 2 b
In triaxial compression test:
Lol g , 2
d = Omax min Omax =P T+ §q ¢
p' _ O'rlnax + 20-7;11:11 O_, o p, _ﬂ o,
3 min 3
q 7 Ju
6sing’ |,  6cos¢’ '
= + c' = Mp:+a
s 3 —sing’ Py 3 —sing’ Py
With:
Y - 6 sin ¢’ . 6 cos @’ . “
3 —sing’ 3 —sing’ 2
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Mohr-Coulomb criterion: Triaxial CTC test

r 1 y N
! / ! ! q
Yield function [F = — %a ; Or + %a ;_ Or sin q)’ + ¢’ cos q)' = O} RTC e CTC
S
)]
!/ / 8
q — O-a - O-T' E_ qc_)
Stress condition . S S
p' = 3 (0q + 207)
> p’
g Y
-
' ©
D-
[
o
()]
Yield function in terms of triaxial stress variables: g
L
_ 6sing’ y 6 cos ¢’ o= Mo+ RTE TE CTE
i = 3 —sin<p’pf 3 —sing’ Pr
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Mohr-Coulomb criterion: Triaxial RTE test

4 N
!/ !/ 14 A q
Yield function [p Gk = B er % il o sl = 0} RTC TC cTC
[
O
(7))
(7))
q = oy — O-C,l qé. o
Stress condition . S S
p = 3 (207 + 0g) |
\, 4 > P
2
®©
$ :
[
Yield function in terms of triaxial stress variables: g
Ll
6 sin ¢’ 6cosp’ | RTE TE CTE
9% = 73 sin <p’p} 3 +sing’ €' = ~MexiPy = Gext
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Mohr-Coulomb criterion: Triaxial envelope

-

CTC { qr =Mp}+a'

RTE { dr = _IVIextp]’c — Qoxt }
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Mohr-Coulomb criterion: Triaxial envelope

e |f there is no cohesion:

q q
N A 1 /
[qf = MP}] ______________________________
/ Elasto-plastic
3 Elastic
1
> >
T A p a
(pl
> {Tf = Oy tan <p’]
UUU o!
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Mohr-Coulomb criterion: Graphical representation cPrL

IT plane Haigh-Westergaard space
91 A : .
< o3 A , | 0,=0,=0;

Mohr-Coulomb . /

- Drucker-Prager |

" " Mohr-Coulomb :
I \\

* For information only: MC yield criteria in terms of stress invariants

VJ2p
3

F=Jy-sing+,/J,p -cosl— -sing-sinf —c-cos¢g =0
: J
Qz—l-sin‘l(—3 \/5 3D

3 2 3
s

)
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Mohr-Coulomb elasto-perfectly plastic model

* |sotropic linear elasticity 1 q = Mp’
«_ , ,
529’ K 0 58301 Not possible Plastic strains
(561)_ 0 BG] Seg M
* Yield function Elastic
F(O-ii pk)
F(»',q,px) = q — Mp’ p'
One geometrical parameter: p, = M q, eg
O €P M
* Plastic potential T
9(o;, 1) 7
9 q.m) =q—Mp +k
r D >
p, gvol
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Mohr-Coulomb elasto-perfectly plastic model

ag
p x p
SSP — /16_ 68‘!701 — /1 ap, — /1 (_M ) 68vol — —_M*
LN %9 1 08,
0q
IfM* =0 If M* >0 IfM* <0
q, gg A q, gg A q, Sgu )
o¢
Sey AM og? M 5eP ; M
683 _;u’iw—* [ Te-s
_______________________ ””’,a 685 58127;\\\\—"*44
p"‘ggol p"ggol p,’EEOI
585 — o No plastic volume deformation 585 <0 585 >0
COMPACTION

during shearing
NO DILATANCY/NO COMPACTION DILATANCY
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rpr
Perfect plasticity cPrL

* For perfect plasticity, F is fixed by definition

op, =0 dF = oF —90 0
- - = -
Pk aal Oi =

Solution of the elasto-plastic problem for perfect plasticity

0
50, = Db = Df (6 — 8eP ) = D de; — uDf =

J ij da;
 Consistency equation
OF e e 0g OF .
oF £5¢; — e 99\ _ o, - 90 P08 . 3090,y
6al 1~ 1Dy 601 B K= oF De. dg 60; =\ Dij ——3F e g 0
da; 4 0o 30, i 9g;

Geomechanics- Fall 2025
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Mohr-Coulomb elasto-perfectly plastic model

q, Ecrl) A

:> oeP M=M*

If an associated flow rule is adopted: M*

I
<

Combining all the basic ingredients:

e 0g OF

< — D& >
, Dij doj 00; Dy p', el
50'l- = DS — 581- ’ “vol
a_FD,e,a_g N dissipati
do; Y dg; 0 energy dissipation
op' 0¢,, K 0
° 5(7; = p o 58j = ! ° lje =
q ¢, 0 3G
og oF
og op' | (-M" OF |op'| (M
oo, |og| \ 1 oo, |oF | \ 1
oq oq
Geomechanics- Fall 2025 Lecture 4 - PLASTICITY 43




Mohr-Coulomb elasto-perfectly plastic model

]_ BG]( )(_M 1)[ 3(;] ]_( KM)( KM 36)
* (=M Dlo 2 (1) ¥ cxm 30 (7))

-

K*M*M —3KM*G]
—3KGM 9G? [

]_ ‘M —3KM*G
0 3G MKM* + 3G

K*M
BG] MKM* +3G[ 3KGM 9G* ]

R [K/ZMM + 3GK — K2MM +3KM*G 1 __ 3GK [ ]
+3KMG 3GKMM* + 96?2 —9G2I MKM* + 3G MKM* +3GM MM*

5}9’ _ 3GK [ ] 5817
5q] MKM*+3GlM MM*1\se,
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Conclusions
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Conclusions
* Non-linear behaviour of geomaterials can be described by plasticity.

* An essential element of plasticity is the yield criteria which theoretically separates the
Elastic and Plastic domain of behaviour

* Perfect plasticity is a rather simple approach, initially developed for metals, to model
the elasto-plastic behaviour of geomaterials

» Elastic-perfectly plastic models can be successfully used to model the mechanical
behaviour of geomaterials in different applications, provided that the limitations and
simplifying hypotheses are appropriately taken into account.
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